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https://liangjiandeng.github.io/Teaching.html
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1 a1 =(1,0,1), a2 =(1,-1,1), a3 =(2,0,2)

a1, a2, a3 .

a1, a2 a2 , a3 

	� T

1o T r a1, a2, …, ar 

2o T r + 1

a1, a2, …, ar T r T .

.
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2 Rn 
n, n n Rn .

A A

A A .
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A1�. k�(1≤k≤n)
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Ak X=0 Bk X=0 .  

Ak Bk .

�

A k
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� R(A) = r,

B r B r r

B .

A B r r A .

A r .

R(A) = R(AT), A AT A r .
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�3 a1=(1,2,0,3), a2 =(2,-1,3,1), a3 =(4,-7,9,-3)

.

A=(a1
T, a2

T, a3
T)

, (a1, a2, a3) = 2

a1, a2 ,a3 .

< 3,

a1, a2 .
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4

a1=(1,2,0,3), a2 =(2,-1,3,1), a3 =(4,-7,9,-3)

.

A=(a1
T, a2

T, a3
T)
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5

a1=(2,4,2), a2 =(1,1,0), a3 =(2,3,1), a4 =(3,5,2)

.

A=(a1
T, a2

T, a3
T, a4

T)

, (a1, a2, a3 , a4)=2
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•

•
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����	��a1, a2, …, ar ��b1, b2 , …, bs���� �a1, 

a2, …, ar ���� � r≤s.

�

A =(a1, a2, …, ar ),  B = (b1, b2 , …, bs),

a1, a2, …, ar b1, b2 , …, bs ,

K =(kij )s r = (g1, g2 , …, gr),   A=BK.

x1 g1+ x2 g2 + …+ xr gr = 0 

x1, x2, …, xr

AX=BKX=B0=0.

AX=0 a1, a2, …, ar 

r >s, g1, g2 , …, gr ,



10


�����(�	

������ �.��� ���)�

��� �� r1����� �� r2�
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2

,...,1 r
bb( ) .

( ) ( )

,  r1≤  r2.

( ) ( )

( ) r1= ( ) r2.
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r1 jj aa ,! �a1, a2, …, a
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 �	�a1, a2, …, a
s
�����$�

�� �����r1 jj aa ,!

a1, a2, …, a
s

,  a1, a2, …, a
s

r + 1 ( 3 ) .

"�

a1, a2, …, a
s
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� �A, B�	�m r, r n�����

R(AB)≤min{R(A), R(B)}.

� �Cm�n = AB�

(AB)���6���A���6��
���

� R(AB)≤R(A).


�R(C) = R(CT)=R(BTAT)≤R(BT)=R(B).

�� R(AB)≤min{R(A), R(B)}.



13

!
"

Rn
n 

Rn Rn

Rn (dim Rn) Rn , dim Rn = n.

a1, a2, …, an Rn

Rn = L(a1, a2, …, an)

Rn = L(ε1, ε2, …, εn)
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. !
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"a Î Rn, a1, a2, …, an

a = x1a1+ x2a2+ …+ xnan

a a1, a2, …, an

( ).

7 (1) a = (x1, x2, x3)≠ 0

L(a ) :  R3 ;

(2) a = (x1, x2, x3) , b = (y1, y2, y3) 

L(a , b ) :  R3 .
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